ART. 285]                     POTENTIAL OF A BODY.                               141
series for V in Laplace's equation as expressed in polar coordinates (Art. 108) and equating the coefficient of rn to zero, we have
where /<t =
The corresponding equation for Ym is found by writing m for n. If we choose m so that m (m 4- 1) = n (n + 1) we have m = n or m = — (n-\- 1). It follows that there are two powers of r, and only two, viz. rn and r~~(n+:L], such that their coefficients in the series (6), viz. Tn and Zn, satisfy the differential equation (7). It appears therefore that Tn and Zn are both solutions of the differential equation (7) and differ only in the arbitrary functions or constants which occur in the solution.
Any function of two independent angular coordinates (such as the direction angles 6, $ of the radius vector) which satisfies equation (7) is called a Laplace's function.    Thus Tn is a Laplace's function of the order 5JT The corresponding function Tnrn when expressed in terms of (%, y, z) satisfies Laplace's equation and is a spherical harmonic, Art. 267.  A Laplace's function when expressed /.. as a function of the Cartesian coordinates of the point at whichjj the radius vector intersects some given sphere with its centre at/ the origin is called a spherical surface harmonic.                       "«
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285. If 0', <j>' be the direction angles of a fixed radius vector OPf and cos POP' —p, we have p = cos 6 cos 9' + sin 6 siu 6' cos (0-0').
The Legendre's function Pn is therefore a symmetrical function of 6, <p and 6', 0'. Eegarded as a function of 0, 0, we see, by comparing the series (4) and (5) of Arts. 266, 268 with (6) of Art. 283, that Pn is a special case of Yn. It follows that Pn must also satisfy Laplace's equation (7).
If the axis of the function Pn, i.e. OP', be taken as the axis of reference, we have fJi=p and dPnjd(p = Q. The differential equation then becomes
The general solution of the differential equation (8) has two arbitrary constants. To find the general solution when a partial solution has been found we use a rule given in the theory of differential equations (see Forsyth's Diff. Eq. Art. 58). The general solution is thus found to be
where A and B are the two arbitrary constants. Since Pn is an integral rational function of p we may by using partial fractions effect this integration. The process is rather long and the results will not be required. It will be sufficient to notice that the part of the solution derived from the integral is not an integral rational function of j>. It follows that the only integral rational solution is APn.

